The extent to which structured light might conceivably resolve the handedness of chiral matter is a topic of resurgent interest, and it is one that has been a challenge since the earliest days of optical vortex studies. It has not even been certain whether or not the orbital angular momentum of light could interact in such a way -though it has been established that electric quadrupole interactions enable twisted light to engage with local electronic transitions. Crucially, certain recent experiments have provided tantalizing evidence to support the existence of a chiral effect that is sensitive to handedness, against initial expectations. By detailed electrodynamic calculation, a new study has now fully identified the mechanism, and also provided an in-depth analysis of the role of electric quadrupole transition moments as they engage with the phase gradient of beams with a twisted wavefront. Focusing on single photon absorption, it emerges that the orbital angular momentum associated with the vorticity of a structured beam can indeed be exhibited in chiral effects, provided the material itself is not only chiral, but also has some structural order -which essentially limits the effect to chiral solids, poled liquid crystals, and oriented arrays of chiral nanoparticles. Circular polarization is still required, and the extent of circular dichroism proves to vary around the beam, being locally determined by the absorber orientation with reference to the beam axis. In agreement with earlier studies, and consistent with symmetry principles, the new analysis verifies that any dependence on wavefront vorticity vanishes in a freely mobile fluid. The reformulation of theory now paves the way for an extension to other kinds of chiroptical phenomena in orientationally ordered systems.
Chiroptical interactions involve the interplay of the chirality of the molecular and radiation components of the total lightmatter system to produce energy shifts and optical rates that are sensitive to changes in handedness. 7 For the material component of the total radiation-matter system, the molecules (or unit cell in the case of a solid) are said to be chiral if they have no improper axis of rotation i.e. they are non-super imposable mirror images of one another, and are designated either right-or left-handed. The chirality of light can be manifest in two ways: the sense of turning direction of the electromagnetic field vectors in a circularly polarized beam, being either clockwise (right-handed) or anticlockwise (left-handed); or the sense of direction that the helical wavefront is twisting in a beam possessing orbital angular momentum: beams possessing 0 > l are left-handed, whilst 0 < l are right-handed.
To date, practically all chiroptical phenomena are known to involve the engagement of molecular chirality with light's handedness through circularly polarized photons. Classic examples being circular dichroism 8, 9 and differential scattering, 10 with more contemporary studies involving the optical nanomanipulation techniques known as optical trapping and optical binding. 11, 12 The notion of whether the handedness of a twisted beam could play a determining role in a chiroptical process has been an issue much-studied previously. [13] [14] [15] [16] Early studies determined that for molecules interacting with structured light, the sign of the topological charge of a Laguerre-Gaussian beam ( LG beam) produces no discriminatory effects. This theoretical result was subsequently further reinforced by experimental studies. 17, 18 The theoretical work, however, centered on the issue of whether the electric and magnetic dipole moments (written as E1 and M1 in shorthand notation) could engage with the handedness of the vortex beam. At this level of representation, it can be asserted that these forms of coupling indeed produce no such effect, either for molecular systems which possess either a degree of order, or conversely those that are completely randomly oriented. However, by inclusion of electric quadrupole moments (E2) in the analysis presented here, it can now be shown that the engagement of E2 moments with structured light secures a result which does indeed highlight the chirally sensitive role of the handedness of the vortex beam.
TWISTED BEAMS INTERACTING WITH CHIRAL MEDIA
To elucidate the mechanism of which the handedness of the vortex beam plays a role in chiroptical interactions, we will study the most basic of optical interactions, namely single-photon absorption. In the following work, we employ the Power-Zienau -Wooley (PZW) Hamiltonian to describe the photon-molecule interaction. Ignoring a self-energy correction term, which plays no part in radiative processes, the PZW Hamiltonian takes the form of a sum of Hamiltonians for the molecule, radiation, and the mutual interaction between the two:
The PZW Hamiltonian has the distinct advantage of describing photon-molecule interactions due to the interaction Hamiltonian term being expressed in multipolar form, i.e.
where the term involving ( ) ξ μ is the electric dipole coupling E1 for a molecule ξ ; the second term involving the electric quadrupole moment ( ) ij Q ξ is the E2 coupling; and the final term is the magnetic dipole ( )
Retention of only the E1 term is the well-known electric-dipole approximation. To the level of multipole moment expansion that is included above, there is also an additional lowest-order diamagnetic coupling term. We have neglected this diamagnetic coupling term in the following analysis as it plays no role in single-photon absorption due to it possessing a quadratic dependence on the magnetic field, and therefore its inclusion is only necessary in optical processes involving two or more photon creation/annihilation events. 19 To take account of the properties of structured light, the well-known vacuum mode expansions for the transverse electric displacement field ⊥ d and the magnetic field b need to be duly modified. We confine our analysis to the paraxial approximation, whereby it is legitimate to assume that laser light propagation consists of wave vectors which have negligible inclination to the optical axis. As such, one of the most widely utilized solutions to the paraxial wave equation are the Laguerre-Gaussian modes -these are the most common modes for generating and describing laser beams with an orbital angular momentum. The electric displacement and magnetic field expansions for LG beams in the paraxial approximation emerge as functions of the cylindrical coordinates 20 : the off-axis radial distance r, axial position z, and azimuthal angle φ ( )
and (
is the radial distribution function for a paraxial beam of waist 0 w ( ) ( )
k are the annihilation and creation operators for a photon of mode ( )
Restricting consideration to a single mode of the radiation field, for single-photon absorption by a chiral molecule in its ground state in the presence of an LG beam, the initial and final states of the molecule-radiation system are
If) =I EE)I n-1(k,n,P,P)) As exhibited by the time-ordered Feynman diagram in Figure 1 , single-photon absorption is first-order in H int and therefore, using standard perturbation methods, the matrix element for process can be written as
where the mode-dependence for the radiation state has been dropped for clarity. As alluded to earlier, it is the inclusion of the electric quadrupole E2 interacting with the radiation field which produces couplings that have a dependence on the sign of l . To derive this, we must first concentrate on the final term in (6), as it is necessary to carry out the gradient operation j ∇ on the field. It is this dependence on the gradient of the electric field which is, to this level of multipole expansion, unique to E2 moments: neither the E1 or M1 terms possess this characteristic. First, using (3), the E2 contribution can be written as ( )
The operator j ∇ is given in cylindrical coordinates as 1ˆˆ.
To exemplify the effect that the gradient operation (8) has on (7), the relevant quantities are isolated, and the operation, with the aid of the product rule and ˆr φ φ ∂ ∂ = − , is thus seen to be ( ) 
Therefore, this result (9) can be inserted into (7) to give ( )
which upon inserting back into (6), and carrying out E1 and M1 field operations -which are not dependent upon the gradient of the electric field -gives the total quantum amplitude as ( )
As it stands, in (11) there is a clear dependence on the magnitude, and more importantly the sign of l in the phase factor common to all three terms in the square bracket, and in addition there is also a linear dependence on l present in the third term in square brackets: the quadrupole E2 term.
To proceed, we require the use of the Fermi rule to calculate the rate of the optical process:
. Evidently this calculation requires the modulus square of the matrix element (11) to be taken. This being the case, the dependence on l present within the phase factor is seen to vanish: . If, as in previous studies 13 , only the E1 and M1 terms of (11) were included, it can be seen that for the rate of single-photon absorption there would be no dependence on the handedness of the vortex beam through the sign of l . However, due to the inclusion of E2 moments, terms with a dependence on the sign of l will survive the squaring of the quantum amplitude. In fact, taking the modulus square of (11), produces a plethora of coupling terms: namely, E1E1, M1M1, E1M1, E1E2, M1E2, and E2E2. The terms E1E1 and M1M1 are the standard contributions to single-photon absorption in the dipole approximation, neither being sensitive to any handedness present within the system. The E1M1 term is discriminatory, but only with regards to the SAM manifest through circularly polarized photons: it is the term that gives rise to standard circular dichroism (CD).
Clearly, any term that has a dependence on E2 has the capacity to be sensitive to the sign of l . This then leaves us to concentrate on the terms E1E2, M1E2, and E2E2. We are now at a suitable juncture to establish the spatial parity of these multipole moment products. At the outset, we explicitly state the use of a chiral matter, and we are interested in whether switching one chiral molecule with its enantiomer would produce a discriminatory effect on the optical rate of single-photon absorption. The spatial parity signatures of the multipole moments and their products are listed in Table 1 The M1E2 and E2E2 multipole products have even parity with regards to spatial inversion symmetry operation, and therefore replacing one chiral molecule with its corresponding enantiomer of opposite handedness (equivalent to spatial inversion) leaves the sign of these multipole moment products invariant. However, for the E1E2 couplings, which possess an odd parity signature for the spatial inversion symmetry operation, the switching of enantiomers will lead to a result that differs in sign, and is therefore discriminatory with regards to the material component of the system. Of course, for any specific optical phenomena, the total parity signature of radiation-matter system has to be evaluated before any physically observable chiroptical interaction can be anticipated.
In the current work, we are concerned with chiral media, and therefore we can concentrate upon the E1E2 terms, as only these multipolar products exhibit the capacity to change sign upon replacing a chiral molecule with its corresponding enantiomer. The M1E2 and E2E2 terms, do however, appear to account for a chiroptical sensitivity -but only with regards to the radiation part of the system. These terms, therefore, show a capacity to generate discriminatory effects in achiral material with regards to the relative handedness of the polarization and topological charge. 21 This represents an area that clearly warrants further investigation, and we return to the issue in the discussion section of this Proceedings. It is also worth commenting on the magnitude of these couplings. In general, the M1 and E2 couplings are smaller in magnitude by a factor of the order of the fine-structure constant 1 137
α ≈ compared to the leading order E1 interaction.
Therefore, the E1E2 is a factor of α larger than the M1E2 and E2E2 terms, which further validates the current emphasize on the E1E2 terms.
Continuing, we see that the two relevant E1E2 terms are ( )
Collecting all the terms that exhibit a dependence on the sign of l in (12) and (13), and invoking all the components of the Fermi rule leads to a modified rate ( )
where ( ) I ω is the input beam irradiance per unit frequency interval and N is the number of absorbing chiral molecules.
Both 0 f μ and 0 f Q are real quantities, and therefore the polarization vectors in (14) must be complex quantities in order to secure a non-zero real result. This leads to the remarkable conclusion that, to the leading order of E1E2, we can only anticipate a chiroptical response to the handedness of the vortex beam if that same beam is circularly polarized. This means that the OAM of light alone cannot produce chiroptical effects, and that only in conjunction with SAM is it possible to engage the vortex handedness in discriminatory interactions with chiral molecules. It is for this reason that the optical process described by (14) is an analogue of circular dichroism (CD), but with beams carrying a topological charge. From henceforth, we refer to this novel effect whereby the topological charge engages with and modifies the extent of chiroptical discrimination as circular-vortex dichroism (CVD). 22 Further manipulation of (14) using the following identity ( )
allows the rate to be secured in a form where the influence of circular polarization handedness is readily identifiable: terms. Thus, when looking at the whole beam profile, the CVD has a vanishing net result, and it is to be realized that the effect itself may be deemed local, being exhibited only when the extent of absorption is resolved at different locations within the beam profile.
To complete the analysis, we now entertain the possibility that the molecules are freely tumbling and the system has a lack of any orientational order. This is an almost ubiquitous state for molecular fluids, with the constituent molecules being completely randomly oriented. To secure this averaged result, we have to perform an isotropic rotational average of the expression (16) . Utilising standard techniques 26 , the calculation required entails a contraction of the molecular multipole E1E2 product terms with the corresponding third-rank isotropic tensor, namely the Levi-Civita epsilon:
